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Outline

+ sampling and aliasing

+ solutions to alasing
e raise the sampling rate

e prefilter using convolution

+ sampling and human perception
e the “sampling rates” of typical display media
e the acuity of the human visual system
e the right way to compute circle of confusion ( C)

+ prehltering versus postfiltering versus reconstruction

+ display and printing technologies




Point sampling a scene

THE GOBBLING GLUTTONS

ONCE UPON A TIME, WALDO

EMBARKED UPON A FANTASTIC

JOURNEY. FIRST, AMONG A

THRONG OF GOBBLING GLUTTONS.

HE MET WIZARD WHITEBEARD, WHO

COMMANDED HIM TO FIND A SCROLL AND

THEN TO FIND ANOTHER AT EVERY STACGE OF

HIS JOURNEY. FOR WHEN HE HAD FOUND L EBEARD, WHO

12 SCROLLS, HE WOULD UNDERSTAND THE Y FIND A SCROLL AND

Ll HER AT EVERY STAGE OF
IN EVERY PICTURE FIND WALDO. WOOF (BUT

Z {EN HE HAD FOUND

ALL YOU CAN SEE IS HIS TAIL). WENDA. WIZARD )
WHITEBEARD, ODLAW, AND THE SCROLL THEN B 59 D UNDERSTAND THE
FIND WALDO'S KEY, WOOF'S BONE (IN THIS SCENE
IT'S THE BONE THAT'S NEAREST TO HIS TAIL)
WENDA'S CAMERA. AND ODLAWS BINOCULARS

% > P P <
THERE ARE ALSO 25 WALDO WATCHERS, EACH OF

WHOM APPEARS ONLY ONCE SOMEWHERE IN

THE FOLLOWING 12 PICTURES. AND ONE MORE
THING! CAN YOU FIND ANOTHER CHARACTER,
NOT SHOWN BELOW, WHO APPEARS ONCE IN
EVERY PICTURE EXCEPT THE LAST?
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Point sampling a scene

THE GOBBLING GLUTTONS

ONCE UPON A TIME, WALDO
EMBARKED UPON A FANTASTIC
JOURNEY. FIRST, AMONG A

THRONG OF GOBBLING GLUTTONS,

HE MET WIZARD WHITEBEARD, WHO
COMMANDED HIM TO FIND A SCROLL AND
THEN TO FIND ANOTHER AT EVERY STAGE OF
HIS JOURNEY. FOR WHEN HE HAD FOUND

12 SCROLLS. HE WOULD UNDERSTAND THE
TRUTH ABOUT HIMSELE.

IN EVERY PICTURE FIND WALDO, WOOF (BUT
ALL YOU CAN SEE IS HIS TAIL). WENDA. WIZARD
'WHITEBEARD, ODLAW, AND THE SCROLL. THEN
FIND WALDO'S KEY. WOOF'S BONE (IN THIS SCENE
IT'S THE BONE THAT'S NEAREST TO HIS TAIL).
WENDA'S CAMERA, AND ODLAW'S BINOCULARS.
® v P e
THERE ARE ALSO 28 WALDO WATCHERS. EACH OF

© Marc Levoy




Point sampling a scene
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Point sampling a scene
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Point sampling a scene

P |

§e.a

+ point sampling means sampling at widely separated
positions without first prefiltering (smoothing)

+ 1n the presence of high frequencies in the original,
this often produces aliasing (jaggies, moiré)




Point sampling a different scene

(Natasha Gelfand)




Point sampling a different scene

(Natasha Gelfand)

(original image 1s 1024 x 683 pixels)
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Point sampling a different scene

every 4 pixel in x and y
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Point sampling a different scene

+ sharp boundaries exhibit aliasing, but smooth features don’t

+ 1.e. high frequencies ahas easily, but low frequencies don't
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Aliasing of sine waves

abstract function spatial aliasing in images

nan ]
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Y 4/ pi )

(http://ptolemy.eecs.berkeley.edu/eecs20/week 13/moire.html)

+ alasing 1s high frequencies masquerading as low
frequencies due to insufficiently closely spaced samples




(http://www.michaelbach.de/ot/mot wagonWheel/index.html)

Aliasing of sine waves

Ll

[T

The dewo of wagon wheels below is fun to play with
but a bit confusing. What | believe the author is
doing is drawing point samples regularly in time
(always at 24 samples per second) of a continuously
spinning wagon wheel, then presenting these
images to us as a movie. What the slider controls is
not the number of samples taken per second - it’s
always 24 - but rather the amount the wheel has
rotated between samples. One thing that makes it
confusing is that computer displays don’t update at
24 trames per second (fps), but rather 60, or 75 or
sowmething else, depending on the display. There is
probably sowme interaction between the 24fps and

60fps that the author is not describing, and we may

be seeing. That’s why I punted in class and started
drawing wagon wheels on the whiteboard.

temporal alhasing

240 pm
(

©2007 M. Bach e

spatial aliasing in images
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Y (http://ptolemy.eecs.berkeley.edu/eecs20/week13/moire.html)

temporal ahasing in audio
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A sinusoid and its samples ( fin )
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(http://ptolemy.eecs.berkeley.edu/eecs20/week13/aliasing.html)
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Combinations of sine waves

v . (Foley)
. | i F

sin(3x)

+

5 ’\/\/\N\N\/VVVVVVVVVVVWVWV\/ : . :

+ asum of sine waves, each of different wavelength ( freguency )
and height (amplitude ) can approximate arbitrary functions

+ to adjust horizontal position ( phase ), replace with cosine
waves, or use a mixture of sines and cosines
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Frequency analysis of sampling

+ Fourier series: any continuous, integrable, periodic function
can be represented as an infinite series of sines and cosines

f(x) = 70 i [an cos(nx) + b, sin(nx)]

+ Nyquist- Shannon samphng theorem: a function havmg
frequenmes no hlgher than 7 can be completely determined by
samples spaced / /2n apart

fvampling > 2 X f.cutoﬁ‘

+ aliasing: high frequencies masquerading as low frequencies
due to insuthcient sampling




Frequency content of images

log(real (FFT(image)))




Frequency content of images

log(real (FFT(image)))

image
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Jaggies are a form of aliasing

+ a discontinuity in color (ufep edge ) contains all frequencies

+ 1f point sampled, these always produce aliasing (jaggies)
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Solution

l: raise the sampling rate

R SR TERTRPRN.

2 AL

every 4" pixel in x and y

THE COBBLING GLUTTONS

ONCLUPON A& TIME, WALDO

EMEARKED UPON & FANTASTIC

JOURNEY FIRST, AMONC &

THRONG OF COESLINC CLUTTONS,

HE MET WIZARD WHITEREARD, WHO
COMMANDED EIM TOFIND & SCROLL AND
THEN 10 FIND ANOTHER AT EVERY STAGE OF
HIS JOURNLY. ¥OR WHEN HE HAD FOUND

12 SCROLLS, HE WOULD UNDERSTAND THE
TRUTH ABOUT HIMSELF.

IN EVERY PICTURE FING WAl RO, WOOF (BUT

ALLYOU CAN SEF IS KIS TAIL), WENDA, WIZARD

WHITEBLARD, ODLAW, AND THE SCROLL, THEN

FIND WALDOY'S KLY, WOOF'S BONE (IN THIS SCENE

IT'S THE BONE THATS NEAREST 1O KIS TAIL),

WENDAS CAMERA AND ODLAG S HINOCULARS.
w. >

every 2" pixel in x and y




Solution #1: raise the sampling rate

By * Rl et |
Y-St s B gy e
L) gt L
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every 4" pixel in x and y

ORBLING GLUTTONS

Ak A TIME, 'WALDL

0 UPON A FANTASTYS
"FIRST, AMONG &

OF GORSLING CLUTTONS,
YIZARDG WHITEREART: WHIO
SEBERER TOFTND A 5CRCIEL AND
CFIND ANCOITHER AT EVERY STAGE OF

+ raising the sampling rate reduces aliasing

+ jaggies in step edges are still present, but they're smaller

», + hner sampling may be impractical or expensive
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“Sampling rates” of display media

period = Ax #E frequency = 1/A x

+ Example #1: Macbook Pro (laptop)
e 900 pixels on 8” high display

. . Line printers are 300 dpu.
e Ax =38"/900 pixels = 0.0089 /pl& This is why we don't like

e 1/A x =112 dpi (dots per inch) reading on laptops.
. |
4 Example #2 K ]ndle 2 Since the iPad has roughly the same number of pixels
x ver’ric?lly as the Kindll)e, you gould ho(lid it fubr;ther
. » 1 . i r , iager font, Tt
e 800 pixels on 4.8” high display - eyolos pr degree on your retina as the Kindle, Als,
ST 'rhgr ;,Pag.al‘litl)wzs‘mloge gr%yleyepl‘:zhavalthfe lf’i"dlf,’s&
. ~ ortheKindle 2’s 16, so it might be able to do a better
. 1/ A X =167 dpl job of anti-aliasing (prefiltering) text, but this
= difference s likely to be small.
+ Example #3: 1Pad 4 ' g
o 768 pixels on 5.8” high display | Q&

e 1/A x =132 dpi




Spatial frequency on the retina

assume the minimum i > 0
period p of a sine e <> g
wave is a black-white —— ,
S
PLrres pat |<7 viewing distance d

+ Example #1: Macbook Pro viewed atd = 18"
e 900 pixels on 8” high display, p =2 x 0.0089”
e retinal arc 0 = 2 arctan (p / 2d) = 0.057°
e spatial frequency on retina 1/6 = 17.6 cycles per degree

Q. What is the acuity of the human visual system?

22




Human spatial sensitivity
(Campbell-Robson Chart)

8

I

NI
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Human spatial sensitivity

Human Contrast Sensitivity

(horizontal axis

not comparable
to image on
previous slide)
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Spatial Frequency (cycles/degree)

(psych.ndsu.nodak.edu)




Spatial frequency on the retina

assume the minimum i > 0

period p of a sine e <> p ———

wave 1s a black-white —— . ' |
S

PLrres pat |<7 viewing distance d

+ Example #1: Macbook Pro viewed atd = 18"
e 900 pixels on 8” high display, sop =2 % 0.0089”
e retinal arc 0 = 2 arctan (p / 2d) = 0.057°
e spatial frequency on retina 1/6 = 17.6 cycles per degree

\ not nearly as high

as human acuity

— T—

25




(Graham Flint)

Balboa Park, San Diego

(original 1s 40K x 20K pixels, Gates Hall print is 72" x 36")




Spatial frequency on the retina

assume the minimum i
period p of a sine
wave 1s a black-white ——

\/

0

= =

:

pixel pair

+ Example #1: Macbook Pro viewed atd = 18"

|<7

viewing distance d

e 900 pixels on 8” high display, p =2 x 0.0089”
e retinal arc 0 = 2 arctan (p / 2d) = 0.057°
e spatial frequency on retina 1/6 = 17.6 cycles per degree

+ Example #2: gigapixel photo viewed at d = 48”
Sl e e

nnnnnnnn

mmmmmmmm

nnnnnn

choroid

nnnnnnn

e spatial frequency on retina 1/ = 232 cycles per degree

27
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Retinal sampling rate

+ the human retina consists of discrete sensing cells
+ therefore, the retinal mosaic performs sampling
+ sampling theory says fuming > 2 X Jouogs

+ 1f observed human cutoff is 50 cycles per degree,
then sampling must be > 100 cycles per degree

+ this agrees with observed retinal cell spacing!

spacing between L, M cone

cells 1s Ip = 30 arc-seconds

(Cornsweet)
© Marc Levoy
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Human acuity & circle of confusion

+ the maximum allowable circle of confusion ( C) in a
photograph can be Computed from human spatial acuity
projected onto the intended display medium

+ Example: photographic print from viewed at 12”
e max human acuity on retina 1/0 = 50 cycles per degree

e minimum detectable retinal arc @ = 30 arc-seconds

e minimum featuresize p =2 X [2” X tan (0 /2) = 0.0043” (0.1mm)

I've fixed the arithmetic. So if you printed your Canon 50 Il image at 5x7” and viewed it at 12" your depth of field (the range of scene features that
will appear in-focus to you) is about 2.9x greater than the figures we were computing last week, when we assumed that C is one camera pixel wide.

7

+ assume o x / print and Canon oD 11 (6616 x 3744 pixels)
e 5"/ 3744 pixels = 0.0017"/pixel (0.04mm)
o therefore, circle of confusion can be 2.5 pixels wide before it’s blurry

o C = 6.4u per pixel x 2.5 pixels = 16u




Solution #1: raise the sampling rate

By * Rl et |
Y-St s B gy e
L) gt L
| T g S . Sy gy £- 1
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every 4" pixel in x and y

ORBLING GLUTTONS

Ak A TIME, 'WALDL

0 UPON A FANTASTYS
"FIRST, AMONG &

OF GORSLING CLUTTONS,
YIZARDG WHITEREART: WHIO
SEBERER TOFTND A 5CRCIEL AND
CFIND ANCOITHER AT EVERY STAGE OF

+ raising the sampling rate reduces aliasing

+ jaggies in step edges are still present, but they're smaller

» + hner sampling may be impractical or expensive
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Solution #2: pre-filter the input

+ before sampling, remove (or at least attenuate) sIne waves
of frequency greater than half the sampling rate

-fsampling > 2 X «fcutoﬂ

ANNA NN A NN\ NN

VVVVVY 'VVVVV
,N \ IO ot ,‘Mu Yy ..—-l’-l. ....... \\r.\.:‘;f.’_:'-'.'-'
AVAVAVAVAVAVAVAVAVAVAVAVAVAVAVIR \W,{ it .lwyl (WARW %\‘.&'\'"{‘}l":':': :-:':';':':1: == ,—"'r/”/"
e -~
\\..x\-. =--P-F-F:F'//
MM MM : ""-':-:-‘:-
Uil bl Gl Nl R % o
PV S POV S POV SR PN POV r,i o
- -
ANAVANANR " % -
| ] ! | |
i = 1 L Wd WL W '.'.-.'-'-‘-:“‘
N
A FLFLF .-.-‘
W

o

preﬁltered partially

unfiltere

pre-filtered

+ method: convolve the input function by a filter function,
which smooths it, then perform point sampling as before




Discrete convolution in 1D

+ replace each input value with a weighted sum of itself
and its neighbors, with weights given by a filter function

fEclEglel = > flkl-glx=FK

f=—c0

input signal f[x] e e e e o e o,

filter g[x] 9 :

output f[x] * g[x]

32
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Discrete convolution in 1D

+ replace each input value with a weighted sum of itself
and its neighbors, with weights given by a filter function

fEclEglel = > flkl-glx=FK

f=—c0

Note about flipping added 5/3/10
after an alert student noticed
the error. This flipping occurs
because g is indexed as [x-k] in

the formula, not k1.

input signal f[x] e e e

1

filter g[x] 1 9

notice that the filter
gets flipped when applied

output f[x] * g[x] 7

Z




Discrete convolution in 1D

+ replace each input value with a weighted sum of itself
and its neighbors, with weights given by a filter function

fEclEglel = > flkl-glx=FK

f=—c0

input signal f[x] e e e e o e o,

filter g[x] 1 9

output f[x] * g[x] ey

34




Discrete convolution in 1D

+ replace each input value with a weighted sum of itself
and its neighbors, with weights given by a filter function

fEclEglel = > flkl-glx=FK

f=—c0

input signal f[x] e e e e o e o,

filter g[x] 1 9

output f[x] * g[x] R

35
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More convolution formulae

+ 1D discrete: defined only on the integers

Al = Y A gk

k=—co
+ 1D continuous: defined on the real line

f*gx) = | f()-gx-1)dr

DENO)

http://graphics.stanford.edu/courses/
cs178/applets/convolution.html
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More convolution formulae

+ 1D discrete: defined only on the integers

flxl*glxl = > flk]-glx—k] [
A a
+ 1D continuous: defined on the real line

f*gx) = | f()-gx-1)dr
+ 2D discrete: defined on the x, y integer grid
fleylegleyl = 3 flijl gl—iy—Jj]

:—OO ]_—OO

+ 2D continuous: defined on the x,y plane

fen*gxy) = | | f@.1,) gx-1,y-1,)dr,dr,

'[1 — —00 T2 =—00




Prefiltering reduces alhiasing

N
148

AR

point sampled

then sampled every 4th pixel

38
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Prefhiltering & sampling in photography

+ photography consists of convolving the focused image

by a 2D rect filter, then sampling on a 2D grid
e each point on this grid is called a pixel

+ 1if convolution is followed by sampling, you only need to
compute the convolution at the sample positions

e for a rect filter of width equal to the sample spacing, this 1s
equivalent to measuring the average intensity of the
focused image 1n a grid of abutting squares

e this is exactly what a digital camera does

+ the width of the rect 1s typically equal to the spacing
between sample positions

e narrower leaves aliasing; wider produces excessive blur




Prehltering & sampling in photography

(contents of whiteboard)
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Prehltering versus posthltering

. R

i)

H,ai
Convolved by 4x4 pixel rect, point sampled every 4t pixel,
then sampled every 4" pixel then convolved by 4x4 pixel rect

+ poostfiltering means filtering by convolution after sampling

+ 1f a camera’s sensitive areas don't fill the space between pixels,
can you hx the resulting aliasing by postfiltering the sampled image?

41 © Marc Levoy




Prehltering versus posthltering

G R PG LT e

L% = el He i

B HS S AT T

i T MR LS =T -

Bl L DS P CI LTI
FWLLEE-NETIH AR THES
St b dE C Rlpes SUN o w il B ol &
PG ST S ITEET Y i

ENT PO WS MR VR - s = . ;
convolved by 4x4 pixel rect, point sampled every 4" pixel,
then sampled every 4t pixel then convolved by 4x4 pixel rect

+ aliasing is high frequencies masquerading as low frequencies;
it cannot be removed by postfiltering without destroying the image

42 © Marc Levoy
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“Filtering” 1n

cartoon animation

prehlter

© Marc Levoy
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Reconstruction for display

*

recondtruction 1s the conversion of a discrete (1.e. sampled)
image Into a continuous image by wterpolation between
the available samples

e interpolation can be modeled as (another) convolution

o

for CRTs and LCDs the reconstruction filter

i1s typically a rect or Gaussian spot of width
equal or a bit larger than the sample spacing

* narrower leaves reconstruction error, a.k.a. rastering§
""""""" (wikipedia)
in computer graphics and digital photography, we don't
WOrry about reconstruction; we hope the display screen

or printer does it for us

e for very close samples, blurring in the human eye helps




. . . My presentation of the prefilter -> sampling -> reconstruction
Int e r Ol atlo n Vl a C O nvolutlc pipeline was geared towards capturing a real-world scene (a
p continvous function) using a digital camera, thereby producing a
discretely sampled image, then reconstrueting the continvous
image (as a percept headed to our brain) by reconstruction (a.k.a.

(C O nte nt S O f Whiteb O ard) interpolation) on the surface of a computer display or in our eye.

In response to a question in class, | mentioned that a similar
pipeline is used implicitly in Photoshop when images are resized.

H(x) A In that case, one starts with a discretely sampled image, then
~ e ____‘J—J_’*ji reconstructs a continuous image using an interpolation filter,
=t e B o o U SR then upsizes, downsizes, or warps that continvous iamge, then
%) J JT L = L prefilters, then re-samples, producing a new discretely sampled
— - == — > X image, possibly having a much different number of pixels. In
A % P N 8 + practice, all these steps in this reconstruetion -> warp ->
T i e Tt 3 =l ' . prefilter -> resample pipeline can be folded together into a single
|l |y e 000 . . c?refull\‘ consfrugfed su;umafion, due to the algebraic properties
. ‘ o~ of convolution and sampling.
— ® = : M. < 1 did not describe this “resampling pipeline”, or the resulting
T G 3 < e i sumwmation, in detail, because | consider it beyond the scope of this
discicle n ) Forit-CF ;?) T ToY S course. If youre interested in learning more about image
imaage \ resampling, look at the “Image resampling pipeline” section of the
- — e October 7 notes from my 2008 version of CS 248 at http:/
& araphics.stanford.edu/courses/cs248-08/samp/samp2.htwl, and
gt . 2N the “Texture rendering is image resampling” section from the
= SIS LN —> October 23 notes.
-1 1. 2
CUb "C \ F T er #(,o h'lllca) e ————
[ kb'cumc e I\ % o rl' 7//:: of‘ o/lcun’ sam, ples 5/" il eudc /,7}
- - - - oy — - g
o /‘\ N \ © Fcl Mmedes, \f/ww Is m//“u “tasicihg
G S / B A LT J J
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Ferer >

+ 1if the input is a discrete (i.e. sample(i) function, then convolution can
be treated as placing an Verticaﬂy-scaled copy of the filter 7(x) at each
sample position as shown, summing the results, and dividing by the
area under the filter (1.0 in the cases shown)

+ the effect is to interpolate between the samples, hence reconstructing a
continuous function from the discrete function
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Recap

+ aliasing 1s high frequencies masquerading as low frequencies
due to insuthcient sampling; reduce by:

e raising the sampling rate, or
o prefiltering the input before sampling
o prefiltering can be modeled as convolution by a filter g(x)

+ rastering 1s a residual of the sampling frequency due to

inadequate reconstruction (a.k.a. interpolation)
e reconstruction can be modeled as convolution by a filter r(x)

e Don’t confuse prefiltering v. reconstruction, or aliasing v. rastering!

+ 1n digital photography:

e the prefilter is a pixel-sized rect, thus averaging intensity over areas

e the reconstruction filter is a pixel-sized rect or Gaussian on an LCD

Questions?




Sampling versus quantization

Creation of a Digital Image
Analog Image Digital Sampling Pixel Quantization

249 [244 zao|m|209|ns|227 251|255

248|245210] 93 | 81 [120] 97 [193[2s4
250 | 170[133] 84 [137]120|104[ s45] 283
241|116 118[107[134]138] 96 | 92 [s63
277|142 121|113[s24 115 s07| 71 [ 479
234|106 84 | 125 97 | s08] 125[ 106204
241[202]102[132] 75 | 73 |141|246[2s2
263 |262{244] 238 178|198 242|250 245
265 [248(244

(a) (b)

Figure 1

(http://learn.hamamatsu.com/articles/digitalimagebasics.html)

+ an image 1s a function f(X)

e typically (x) = (x,y) and f =R

+ we sample the domain (¥) of this function as pixels

(Canon)

+ we quantize the range f of this function as intensity levels

47




E l 8 bits x R,G,B =
XdImpile 24 bits per pixel

"
l‘

Canon 11
300mm,

48




49

8 bits x R,G,B =
24 bits per pixel
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6 bits x R,G,B =
18 bits per pixel
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5 bits x R,G,B =
15 bits per pixel
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4 bits x R,G,B =
12 bits per pixel
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3 bits x R,G,B =
9 bits per pixel




256 colors (8 bits) uniformly
distributed across RGB cube,
patterned dithering in Photoshop




55

256 colors (8 bits) adaptively

EX m 1 distributed across RGB cube,
= P = patterned dithering in Photoshop

A student asked about the relationship between dithering and
what’s called halftoning for printing. They're different.
Halftoning is a bit of f-topic for the course, but not that far off-
topic, so I'll cover it in class on 4/20. I've also added a slide on it to
this PUF file (see next slide).
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Dithering versus halftoning

dithering for display (on a screen)
o palette of a few hundred colors (uniform or adaptive)

e flip some pixels in each neighborhood to the next
available color in the palette to approximate
intermediate colors when viewed from a distance

halftoning for printing (on paper)
e palette of only 3 or 4 primary colors

e print each primary as a grid of dots, superimposed

but slightly offset from the other primaries, and vary g "‘

dot size locally to approximate intermediate colors

both techniques are applicable to full-color or

black and Whlte 1mag ery For an example of black and white
halftoning, see http:/en.wikipedia.org/

. /
both trade off spatlal resolution to obtain more

colors, hence to avoid quantization (contouring)

(wikimedia)




Recap

+ vampling describes where 1n its domain you measure a function
e for uniformly spaced samples, you can specify a vampling rate
e if the sampling rate 1s too low, you might suffer from aliasing

e even 1f it 1s low, you can reduce alhasing by prefiltering

+ quantization describes how you represent these measurements
e for uniformly spaced levels, you can specity a bit depth
o if the bit depth is too low, you might sutfer from contouring

e even 1f it 1s low, you can reduce contouring by dithering (if displaying
the image on a screen) or balftoning (if printing it on paper)

Questions?
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