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Extension of vector calculus 
to surfaces (and manifolds). 



Everything 
must be 
intrinsic! 

Vector fields are 
tangent! 



For each point p on a surface: 

k vectors in 
the tangent 

space at p 

Differential 
k-form R
k-linear 

Alternating 
[Sanity check:  In n dimensions, p-forms 

are zero for p > n.] 



http://perception.inrialpes.fr/Publications/2011/ZBH11a/scale-9.png 

f : §!R

0-form 



Vector ¯eld

~v : §! T§ ½ R3

1-form !:

!(~x) = ~v ¢ ~x

~v[ !]



Sharp operator raises indices
Elgar, Cello Concerto 

!i =
X

j

gijvj



Flat operator lowers indices
Bloch, Schelomo 

vi =
X
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gij!
j



!(~v) =
X

i

!ivi

No metric matrix g



!] 1-form to vector 

~v[ Vector to 1-form 

!1 ^!2 Product of forms 

?! Dual 

k,p-forms  (k+p)-form (cross product!) 

k-forms  (n-k)-form (plane to its normal) 

d! Exterior derivative 



Integrate on k-dimensional objects 

°

!
Z

°

! ´
Z

°

!(T ) ds

Measures amount 
of ω parallel to γ 
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@
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http://brickisland.net/cs177/wp-content/uploads/2011/11/ddg_divergence_theorem.svg 
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Discrete version of 
exterior calculus. 

!] ~v[ !1 ^!2 ?! d!
… 







Store integrals of 
forms! 



Store integrated quantities! 

Discrete 0-form 

Z

v

! = f(v)! RjV j



Store integrated quantities! 

Discrete 1-form 

Z

e

! ! RjEj



Store integrated quantities! 

Discrete 2-form 

Z

t

! ! RjF j
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d 2 RjEj£jV j
consists of 1, 0, -1 
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d 2 RjF j£jEj
consists of 1, 0, -1 
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\d2 = 0"

Two different d matrices 



Moves to dual mesh 



Moves to dual mesh 

Primal 2-form 
Dual 0-form 



Moves to dual mesh 

Primal 1-form 
Dual 1-form 



http://brickisland.net/cs177/ 



http://brickisland.net/cs177/ 



Just triangle areas 

?ii =Area(triangle i)¡1



Ratio of edge lengths 

?! =
je?j
jej !

http://users.cms.caltech.edu/~keenan/pdf/DGPDEC.pdf 



Choice of dual:  Circumcenter 
http://users.cms.caltech.edu/~keenan/pdf/DGPDEC.pdf 

ke?ijk
keijk

=
1

2
(cot®j + cot¯j)



Area of dual cell 

?ii =Area(cell i)



Area/3 to each vertex
http://www.alecjacobson.com/weblog/?p=1146 



http://graphics.stanford.edu/courses/cs468-12-spring/LectureSlides/05_Diff_Geo.pdf 



http://graphics.stanford.edu/courses/cs468-12-spring/LectureSlides/05_Diff_Geo.pdf 



http://ddg.cs.columbia.edu/SIGGRAPH06/DDGCourse2006.pdf 



Theorem. hd¯;®i =¡h¯; ?d ? ®i

http://www.uib.no/filearchive/noteshodge27sep.pdf 

± ´¡ ? d?



¢= d ? d ?+ ? d ? d



¢= d ? d ?+ ? d ? d
Cotangent Laplacian 



¢= d ? d ?+ ? d ? d
Area weights 



http://users.cms.caltech.edu/~keenan/pdf/DGPDEC.pdf 

Curl free 



http://users.cms.caltech.edu/~keenan/pdf/DGPDEC.pdf 

Curl free 

! = ±¯ + d®+ °

where d° = 0; ±° = 0



! = ±¯ + d®+ °

where d° = 0; ±° = 0

±d® = ±!

d±¯ = d!

° = ! ¡ ±¯ ¡ d®



! = ±¯ + d®+ °

where d° = 0; ±° = 0

¸(¡ ? d ¹̄ + d®+ °) = ¸! = ¢!

= (d ? d ?+ ? d ? d)(±¯ + d®+ °)

= (d ? d ?+ ? d ? d)(¡ ? d ? ¯ + d®)

= ¡ ? d ? d ? d ? ¯ + d ? d ? d®

= ¡ ? d¢¹̄+ d¢®

Conclusion:  For 𝝀 ≠ 𝟎, they’re obtained by 𝒅 and 
⋆ 𝒅 of Laplacian eigenfunctions. 

¹̄ ´ ?¯
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Another cotangent 
Laplacian 
 
 

Helmholtz-Hodge 
Decomposition 
 

Many more applications! 
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